Abstract -We study "chromatin gels", model systems for chromatin, to theoretically predict the conditions, under which such gels show negative Poisson's ratios. A chromatin gel shows phase separation due to an instability arising from the disassembly of nucleosomes by RNA polymerases during transcription. We predict a negative Poisson's ratio near a miscibility threshold due to the cooperative assembly and disassembly of nucleosomes. The Poisson's ratio becomes more negative with an increasing number of RNAP because the disassembly rate of nucleosomes increases. In contrast, the chromatin gel shows a positive Poisson's ratio far from the miscibility threshold because the assembly of nucleosomes is arrested by the expiration of freely diffusing histone proteins.
Introduction. -The Poisson's ratio of many materials is positive due to their tendency to resist against volume changes [1] . Recent experiments have shown that the Poisson's ratio of the nucleus of embryonic stem (ES) cells is negative in the metastable transition state, where these cells can return to a naive pluripotent state or prime for differentiation [2] . In contrast, the nucleus of ES cells in the naive pluripotent state and of differentiated cells shows positive Poisson's ratios.
DNA is packed in the nucleus into a DNA-protein complex called chromatin [3] . The repeating unit of chromatin is the nucleosome, where DNA is wound around an octamer of histone proteins by 1.65 turns [4] . Experiments have shown that chromatin in ES cells shows fluctuations in the local nucleosome concentrations on relatively long time and length scales, analogous to critical fluctuations [5] . Whether these fluctuations were observed in the transition state or the naive pluripotent state is not clear from the experiments. In contrast, chromatin of differentiated cells shows regions of relatively large nucleosome concentration that coexist with regions of smaller nucleosome concentration, analogous to phase separation. The negative Poisson's ratio of ES cells in the transition state may reflect the critical dynamics of their chromatin structures. If this is the case, the critical chromatin dynamics in the transition state may play an important role in determining the lineage of differentiation.
In our previous studies, we have treated chromatin near the nuclear membrane as a polymer brush of DNA and predicted that the DNA brush shows phase separation due to an instability arising from the fact that nucleosomes are disassembled when they collide with RNA polymerase (RNAP) during transcription [6, 7] ; the local concentrations of nucleosomes decrease with increasing the transcription rate and the transcription rate, in turn, increases with decreasing the local concentrations of nucleosomes due to the excluded-volume interactions between nucleosomes and RNAP. The two-phase coexistent state is reminiscent of chromatin in differentiated cells and the critical state is reminiscent of chromatin in stem cells. A cell nucleus takes in fluid and small molecules from the cytoplasm when it is expanded [2] ; the coupling between fluid motion and network deformation is the essence of gel dynamics [8] . DNA gels have been reconstituted in recent experiments [9] and we use such a gel as a model system of chromatin in the cell nucleus. Indeed, synthetic gels show a large negative Poisson's ratio near the critical point [10] . We extend our previous theory of chromatin phase separation to a gel of chromatin and calculate the Poisson's ratio of such a gel.
Our theory predicts that when a chromatin gel in a solution of histone proteins and RNAP is compressed uniaxially, it is also compressed in the other directions near the critical point on time scales longer than the time scales 28003-p1 of nucleosome assembly and disassembly. This is because nucleosomes are assembled cooperatively by applied stress on these longer time scales. This theory also predicts that the Poisson's ratio of the chromatin gel is negative even in the two-phase coexistent state. This contrasts the fact that the nuclei of differentiated cells show a positive Poisson's ratio [2] . This discrepancy may be caused by neglecting that chromosomes in cells are enclosed by nuclear membranes. We thus treat also a chromatin gel that is enclosed by a semipermeable membrane where the number of RNAP and histone proteins in the gel is constant. In such cases, the chromatin gel also shows a negative Poisson's ratio near the miscibility threshold because the gel has relatively large concentrations of freely diffusing histone proteins, which are necessary for the assembly of new nucleosomes. The Poisson's ratio takes more negative values with increasing number of RNAP because transcription drives the disassembly of nucleosomes and increases the concentrations of freely diffusing proteins. In contrast, far from the miscibility threshold, the gel shows a positive Poisson's ratio because most of the histone proteins are already incorporated into nucleosomes.
Model. -Here we treat a gel of DNA that is swollen in a solution of RNA polymerase and histone proteins (and other molecular machinery that is necessary for transcription and nucleosome assembly). DNA chains are modeled as 1d lattices of binding sites, which can be occupied by RNAP or nucleosomes. We derive the extension ratios λ ∥ and λ ⊥ of the network when stress Π app is applied uniaxially, where λ ⊥ is the extension ratio in the direction of applied stress and λ ∥ is the extension ratio in the other (lateral) directions (see fig. 1 ).
The free-energy density of the chromatin gel has the form [8] 
where the first and second terms are the elastic energy and the mixing free energy of the gel, respectively. Without changing the physics, we neglect the elastic energy of the nuclear membranes. This free energy is an extension of our previous model [6, 7] of a chromatin brush. φ is the volume fraction of the DNA network after the deformation and φ 0 is the volume fraction in the hypothetical reference state (the state before the gel is swollen in the solution). The volume fraction φ is related to the extension ratios via φ = φ 0 /(λ 2 ∥ λ ⊥ ). The free-energy density f gel is thus a function of the extension ratios λ ∥ and λ ⊥ .
In general, the elastic energy f ela depends on the length of subchains (the chain portions between two neighboring cross-links) relative to their persistence length and on the connectivity of the network. For simplicity, we use here the neo-Hookean elastic energy [8] which represents the elastic energy of the network of (cross-linked) Gaussian chains. G 0 is the shear modulus, which is proportional to the number density of subchains and the thermal energy [8] . For simplicity, we neglect the fact that assembling nucleosomes decreases the effective length of DNA chain segments (see also sect. S1 in the Supplementary Material Supplementarymaterial.pdf (SM)). We assume that the relaxation time of cross-links is relatively large such that the chromatin gel acts as an elastic material on the time scale of interest; for longer time scales one needs to take into account the viscoelasticity of chromatin [11] . The mixing free energy has the form
where Φ on (= n his φ) is the local concentrations of nucleosomes and Φ off (= (1 − n his )φ) is the local concentrations of vacant DNA chain segments (which are not occupied by nucleosomes). n his is the nucleosome occupancy. The 2nd virial coefficients w on , w int , and w off account for the (nucleosome)-(nucleosome) interactions, the (nucleosome)-(vacant segment) interactions, and the (vacant segment)-(vacant segment) interactions, respectively. The (vacant segment)-(vacant segment) interactions are repulsive interactions (w off > 0), whereas the (nucleosome)-(nucleosome) interactions are attractive interactions due to the tail bridging effect (w on < 0) [12, 13] . We take also into account the 3-body interactions between nucleosomes with the 3rd virial coefficient u, which counteracts the complete collapse of the gel, see the fourth term of eq. (3). Because the fourth term is significant only when n his ∼ 1, we use the approximation uΦ 3 on ≃ uφ 3 throughout the rest of this paper.
The occupancy n his is determined by the dynamics of the assembly and disassembly of nucleosomes. Nucleosomes are relatively stable structures and are rarely disassembled or diffuse along DNA by thermal fluctuations [14] . Experiments have shown that nucleosomes are disassembled when they collide with RNAP during transcription [15, 16] . In this paper, we assume that collisions between RNAP and nucleosomes during transcription are the primary processes of nucleosome disassembly [6, 7] . In steady state,
where the left-hand side represents the rate of nucleosome assembly and the right-hand side the rate of nucleosome disassembly. Λ his is the rate constant that accounts for the assembly of nucleosomes. c is the concentration of the freely diffusing histone proteins in solution (between DNA chains in the network). The factor 1 − n his reflects the fact that new nucleosomes are not assembled on binding sites that are already occupied. The rate constant ζ accounts for the disassembly of nucleosomes due to collisions with transcribing RNAP and n rnp is the RNAP occupancy. The factor n rnp n his reflects the fact that nucleosomes are disassembled only when they collide with transcribing RNAP. For simplicity, we neglect the fact that nucleosomes are composed of octamers of histone proteins, that there are four types of histones, and that the assembly of nucleosomes is usually guided by chaperones, such as NAP1.
We also neglect the interactions between freely diffusing histone proteins and the DNA network because histone proteins are relatively small (see, e.g., refs. [4] and [15] ). Equation (4) has a form reminiscent of a detailed balance condition because each binding site takes only two states with respect to the nucleosome occupancy. However, it treats the non-equilibrium process, with which nucleosomes are disassembled by RNAP during transcription. The RNAP occupancy n rnp is determined by the transcription dynamics. The process of transcription starts when RNAP binds to a promoter, a non-coding DNA sequence, and changes its conformation. The enzyme then moves uni-directionally towards the terminator, another non-coding DNA sequence, where RNAP is released from the DNA molecule. The uni-directionality of the motion is due to the irreversible steps in RNA polymerization [17] and this drives the system to a non-equilibrium steady state. In steady state,
where the left-hand side represents the binding rate of RNAP to the promoter and the right-hand side the rate with which RNAP moves to the next binding site. The rate constant Λ p accounts for the binding of RNAP to promoters and ρ denotes the concentration of freely diffusing RNAP in the solution (between DNA chains in the network). ξ is the rate constant that accounts for the unidirectional motion of RNAP to the next binding site. The factor 1 − n his reflects the fact that RNAP cannot move to the next binding site if that site is occupied by a nucleosome. Equation (5) applies to cases in which the binding rate of RNAP is relatively small and RNAP does not show a traffic jam during transcription. We treat here a case in which the spatial orientations of the genes (which are defined by the unit vectors from the promoters to the terminators) are random so that there is no net flux in the gel [18] . With this approximation, the concentration of RNAP has the form ρ = ρ 0 e −vn his φ , where the virial coefficient v accounts for the interactions between nucleosomes and freely diffusing RNAP in the solution and ρ 0 is the concentration of RNAP in the solution exterior to the gel. For simplicity, we neglect the interactions between RNAP and vacant DNA chain segments.
The force balance equation in the normal direction is derived by using the thermodynamic relationship
(with the occupancy n his and the extension rate λ ∥ being kept constant) in the form
) is the osmotic pressure of the gel. The force balance equation in the lateral direction follows from the thermodynamic relation
(with fixed occupancy n his and fixed extension ratio λ ⊥ ) to be
We assume that no forces are applied to the side of the gel and thus σ ∥ = 0 for cases in which the gel is uniform. Solving eqs. (6) and (7) leads to the extension ratios, λ ∥ and λ ⊥ , as a function of the applied stress Π app .
Phase separation. -In the one-phase region, the form of the extension ratio λ ∥ is derived by using eq. (7) (with σ ∥ = 0). Substituting this into eq. (6) leads to the applied stress Π app as a function of the nucleosome occupancy n his (see fig. 2 ). The nucleosome occupancy depends on a couple of dimensionless parameters, namely the rescaled rate constant η 0 (≡ Λ p ρ 0 ζ/(Λ his cξ)) and the rescaled virial coefficients, n ± (≡ (−(w int − w off ) ± w 2 int − w on w off )/w),
, where w denotes a linear combination of the 2nd virial coefficients, w = w on + w off − 2w int , and λ off the extension ratio λ off = w off φ 2 0 /(2G 0 ). The transcription rate increases, relative to the rate of nucleosome assembly, with increasing the rescaled rate constant η 0 .
For cases in which the rescaled rate constant η 0 is relatively large, the nucleosome occupancy n his increases monotonically with increasing applied stress as long as the applied stress Π app is smaller than a threshold value Π sp1 , see the magenta curve in fig. 2 . There are three solutions of the nucleosome occupancy for Π sp1 < Π app < Π sp2 , where two solutions are stable (shown by solid curves in fig. 2 ) and one solution is unstable (shown by the dotted curve in fig. 2 ), analogous to the van der Waals' theory of the gas-liquid phase transition. This implies that the chromatin gel shows phase separation in this stress regime. The two threshold stresses, Π sp1 and Π sp2 , thus define the spinodal curve. When the applied stress Π app is larger than the second threshold value Π sp2 , the nucleosome occupancy again increases monotonically with increasing applied stress. The difference Π sp2 − Π sp1 between the two threshold stresses decreases with decreasing the rescaled rate constant η 0 and eventually becomes zero at the critical rescaled rate constant η 0c (see the black curve in fig. 2 ). For η 0 < η 0c , the nucleosome occupancy increases monotonically with increasing applied stress (see the blue and light green curves in fig. 2 ). Our theory predicts that the chromatin structure changes from the critical state to the two-phase coexistent state by increasing the rescaled rate constant η 0 and the applied stress Π app , reminiscent of the differentiation of stem cells.
We use the Maxwell construction to derive the condition under which the swollen phase (that has a smaller nucleosome occupancy) coexists with the collapsed phase (that has a larger nucleosome occupancy). This condition ensures that the work that is necessary to change a small portion of the swollen phase to the collapsed phase is zero:
where the superscripts s and c indicate the values of the parameters in the swollen and collapsed phases, respectively. We have used this treatment before to predict the phase separation of chromatin brushes [6, 7] . The lateral extension ratio λ ∥ is continuous at the interface between the two phases because these two phases are elastically coupled [19, 20] . For simplicity, we assume that the lateral extension ratio λ ∥ does not depend on the position and is determined by the condition σ DNA chains in the swollen phase. This treatment is exact for cases in which the thickness of one or both of the phases is very small [20] . We perform the integration of eq. (8) by fixing the lateral extension ratio λ ∥ to a constant value (see also sect. S2 in the SM).
For all cases, the normal extension ratio λ ⊥ decreases with increasing applied stress Π app (see fig. S1 in the SM). Thus, the Poisson's ratio of the gel is negative (positive) when the lateral extension ratio decreases (increases) with increasing applied stress. For time scales longer than the time scales of nucleosome assembly and disassembly, the lateral extension ratio decreases with increasing applied stress in a small range of intermediate values even for η 0 < η 0c , see the blue curve in fig. 3 . The slope of the lateral extension becomes more negative with increasing the rescaled rate constant η 0 and diverges at the critical value η 0c , see the black curve in fig. 3 . This is because nucleosomes are assembled cooperatively with a small increase of the applied stress in this stress regime, see also fig. 2 . For η 0 > η 0c , the lateral extension ratio jumps at the threshold pressure, at which swollen and collapsed phases coexist. The threshold pressure is slightly larger for the case of increasing applied stress than for the case of decreasing applied stress [19, 20] . The jump of the lateral extension ratio implies that the chromatin gel shows a very large negative Poisson's ratio in the two-phase coexistent state. This is in contrast to the fact that the nuclei of differentiated cells, which have two coexisting chromatin regions, show a positive Poisson's ratio. Our results imply that the negative Poisson's ratio is rather a generic property of chromatin gels because nucleosomes are assembled or disassembled cooperatively near the critical point and in the two-phase coexistent state.
When a small stress is superimposed to the applied stress Π app for a time period shorter than the time scales
28003-p4
Auxetic chromatin gels of nucleosome assembly and disassembly, the Poisson's ratio due to the superimposed deformation has the form
in the one-phase region (for the derivation, see sect. S3 in the SM). The Poisson's ratio in the short time scale is positive even at the critical point, see fig. 4 . This result further supports our claim that the negative Poisson's ratio on long time scales is due to the cooperative assembly and disassembly of nucleosomes. Our theory predicts that the Poisson's ratio of the chromatin gel has a positive value immediately after stress is applied and then gradually decreases to a negative value. The two regimes cross over at the time scales of nucleosome assembly and disassembly.
Finite histone number. -Chromosomes in the cell nucleus are enclosed by a nuclear membrane and the number of RNAP and histone proteins may be approximately constant over time scales much shorter than the cell cycle. To mimic such a situation, we treat here a chromatin gel that is enclosed by a semipermeable membrane, which is permeable to solvent and small molecules, but not to RNAP and histone proteins. The fact that the number of RNAP and histone proteins is constant is taken into account by treating the concentrations ρ 0 and c as Lagrange multipliers. The values of these Lagrange multipliers are determined by the conditions where N rnp is the number of RNAP and N his is the number of histone proteins in the gel. v b is the volume of DNA per binding site and N b is the number of binding sites in the network. Equation (10) applies to cases in which the number of transcribing RNAP is relatively small. With eqs. (10) and (11) the rescaled rate constant η 0 is no longer a constant and is determined by the conditioñ
where we used parametersη 0 = Λ p ζN rnp /(Λ his ξN his ) and n 0 = N his /N b (see sect. S4 in the SM for the derivation). In this case, the chromatin gel shows a phase separation for applied stresses that are larger than a threshold value, see fig. 5 . This is in contrast to the van der Waals' theory of gas-liquid phase transitions, where the gas phase coexists with the liquid phase only along the phase boundary line. The reason is that the rescaled rate constant η 0 (which corresponds to the temperature in van der Waals' theory) is no longer a control parameter, but is determined by eq. (12) . The two-phase coexistence state is a solution of the force balance equations, but one cannot check whether it is the most stable state by using the free energy because the gel is not in an equilibrium state. We nevertheless show in the following the properties of the latter state.
For all cases, the normal extension ratio λ ⊥ decreases with increasing applied stress Π app (see fig. S2 in the SM). The Poisson's ratio is thus negative (positive) when the lateral extension ratio λ ∥ decreases (increases) with increasing applied stress Π app . The lateral extension ratio λ ∥ decreases with increasing applied stress Π app near the 28003-p5 miscibility threshold, see fig. 6 . This is because the chromatin gel has a relatively large concentration of freely diffusing histone proteins, which are needed for the assembly of new nucleosomes. The slope of the lateral extension ratio λ ∥ becomes more negative with increasing number of RNAP in the gel because transcription drives the disassembly of nucleosomes and increases the concentration of freely diffusing histone proteins. The slope of the lateral extension ratio λ ∥ is not very large near the critical point; the criticality does not play a significant role in the negative Poisson ratio of the gel (see the blue curve in fig. 6 ). For larger applied stresses, the lateral extension ratio λ ∥ increases with increasing applied stress Π app , reflecting the fact that most histone proteins in the gel are already incorporated into nucleosomes.
Discussion. -We use an extension of our previous model of chromatin brushes to theoretically predict that chromatin gels show negative Poisson's ratios for cases in which the gel is in equilibrium with RNAP and histone proteins in solution, on time scales longer than the time scales of nucleosome assembly and disassembly. This reflects the fact that nucleosomes are assembled or disassembled cooperatively near the critical point and during phase separation. For cases in which the number of RNAP and histone proteins is constant, the Poisson's ratio becomes positive far from the miscibility threshold even during phase separation. This is because most histone proteins are incorporated already into nucleosomes, which suppresses the assembly of new nucleosomes. The Poisson ratio becomes negative by increasing the number of RNAP in the gel because transcription drives the disassembly of nucleosomes and thus increases the concentrations of freely diffusing histone proteins. This prediction is relatively generic and probably does not depend on the specific model of chromatin and the disassembly process of nucleosomes. Our predictions may be experimentally accessible by using simple reconstituted systems, such as those used in ref. [9] , and/or a mixture of DNA, cross-linkers, histone proteins, and RNAP enclosed in a vesicle of nuclear membrane extract.
We used a model system to find a physical principle that could relate two independent experiments, one showing that chromatin in stem cells is auxetic in the transition state [2] and the other observing critical fluctuations of the local nucleosome concentration [5] . Our theory predicts that a negative Poisson's ratio is rather a generic property of chromatin gels on long time scales. The criticality increases the negative Poisson ratio for cases in which a chromatin gel is in equilibrium with a solution of histone proteins, but it is not even significant for cases in which the number of histone proteins in the gel is constant or for time scales shorter than the time scales of the nucleosome assembly and disassembly. This is in contrast to gels of synthetic polymers, which are auxetic near the critical point [10] (however, note a theoretical prediction [21] that synthetic gels show negative Poisson's ratios even in a good solvent for a window of applied strains when they are uniform). The rate of nucleosome disassembly rather plays an important role in making the Poisson's ratio of chromatin gels negative.
Although our theory treats a model system, our theory may capture the essential features of cell nuclei. Our theory does not take into account the elasticity of nuclear membranes. Indeed, lamin A/C proteins are not expressed in stem cells and their membranes are rather flexible [5] . Because lamin A/C is not expressed both in the transient and in the naive pluripotent states [2] , the elasticity of nuclear membranes probably does not play an essential role in determining the sign of the Poisson ratio of stem cells. The nuclei of stem cells show positive Poisson's ratio in the naive pluripotent state and their Poisson's ratios become negative when histone deacetylases (HDACs) are inhibited [2] . Comparison between this and our theory predicts that the inhibition of HDACs increases the rate of nucleosome disassembly. This might be the case because the deacetylation of histone tails by HDACs increases the attractive interactions between nucleosomes and stabilizes closed chromatin structures; inhibiting HDACs may make it easier for RNAP to penetrate into condensed chromatin regions and to disassemble nucleosomes.
The auxeticity of stem cell nuclei was observed in experiments on the time scale of 0.01-0.1 s [2] . The stress relaxation time of chromatin in a nucleus is on the order of 1 s [22] and thus chromatin is elastic for the time scale of the aforementioned experiments, consistent with the assumption of our theory. In vitro experiments have shown that the time scale of nucleosome assembly is on the order of minutes [23, 24] . Our theory may suggest that chromatin of stem cells has a mechanism that accelerates the rates of the assembly and disassembly of nucleosomes. If this is not the case, our theory predicts that the Poisson's ratio is positive even near the critical point on the time scale of the experiments in ref. [2] . Equation (9) is the generic form of the Poisson's ratio on short time scales and it predicts that the osmotic pressure plays an important role for the Poisson's ratio of chromatin on these time scales. A more detailed treatment of the interactions between nucleosomes and the effects of post-translational modification of histone tails on these interactions may elucidate the physical mechanisms involved in the negative Poisson's ratio of stem cell chromatin. Experiments that measure the Poisson's ratio of stem cell nuclei as a function of time may determine which is the case. * * * We acknowledge the two referees for constructive and insightful comments.
